Abstract In this paper we investigate a Widder potential transform on certain spaces of Boehmians. We construct two spaces of Boehmians. One space of Boehmians is obtained by a well-known Mellin-type convolution product. The second space is obtained by another mapping acting with the first convolution. The extended Widder potential transform is therefore a mapping, that is, welldefined, linear, continuous, with respect to d and D convergence, and consistent with the classical transform. Certain theorem is also established.
Introduction
Let X be an open set in R n and f : X ! C be a Lebesgue measurable function on X. We denote by l q loc ðXÞ, 1 6 q 6 1, the complete metrizable space of all f such that for a given q; 1 6 q 6 1, we have Z
which is finite for all compact subsets k of X. loc , where l 1 ðXÞ is the set of globally integrable functions, 1 < q 6 1.
It may also be noted that every continuous function is a locally integrable function and, for all f; g 2 l q loc , 1 < q 6 1, f þ g and af are also in l q loc , where a 2 C, C being the field of complex numbers.
Denote by ð0; 1Þ the set of positive real numbers. The Widder potential transform was presented by Widder (1966 Widder ( , 1971 , by the integral equation
as a transform related to the Poison integral of a harmonic function in a half plane. The Parseval-Goldstein type formula of the Widder potential transform was given by Srivastava and Singh (1985) , as follows
The transform under consideration and its Parseval-Goldstein type theorem involving the classical Laplace and Fourier sine are established by Srivastava and Yu¨rekli (1991) . More about the Widder potential and Laplace-type transforms and the
General Boehmians
The construction of Boehmians consists of the following elements:
(ii) A commutative semigroup ðB; ÃÞ; (iii) An operation : A Â B ! A such that for each x 2 A and t 1 ; t 2 ; 2 B,
D is the set of all delta sequences.
Consider
A ¼ fðx n ; t n Þ : x n 2 A; ðt n Þ 2 D; x n t m ¼ x m t n ; 8m; n 2 Ng:
If ðx n ; t n Þ; ðy n ; r n Þ 2 A; x n r m ¼ y m t n ; 8m; n 2 N, then we say ðx n ; t n Þ $ ðy n ; r n Þ. The relation $ is an equivalence relation in A. The space of equivalence classes in A is denoted by jðA; ðB; ÃÞ; ; DÞ. Elements of jðA; ðB; ÃÞ; ; DÞ are called Boehmians.
Between A and jðA; ðB; ÃÞ; ; DÞ there is a canonical embedding expressed as
The operation can be extended to jðA; ðB; ÃÞ; ; DÞ Â A by
In jðA; ðB; ÃÞ; ; DÞ, two types of convergence are:
1. A sequence ðh n Þ 2 jðA; ðB; ÃÞ; ; DÞ is said to be d convergent to h 2 jðA; ðB; ÃÞ; ; DÞ, denoted by h n ! d h as n ! 1, if there exists a delta sequence ðt n Þ such that ðh n t n Þ; ðh t n Þ 2 A; 8k; n 2 N, and ðh n t k Þ ! ðh t k Þ as n ! 1, in A, for every k 2 N. 2. A sequence ðh n Þ 2 jðA; ðB; ÃÞ; ; DÞ is said to be D convergent to h 2 jðA; ðB; ÃÞ; ; DÞ, denoted by h n ! D h as n ! 1, if there exists a ðt n Þ 2 D such that ðh n À hÞ t n 2 A; 8n 2 N, and ðh n À hÞ t n ! 0 as n ! 1 in A.
The following theorem is equivalent to the statement of d convergence: 
and for each k 2 N; f n;k ! f k as n ! 1 in A.
For more details we refer to Kilicman (2012a,b, 2013) , Al-Omari (2013a,b,c) , Beardsley and Mikusinski (2013) , Bhuvaneswari and Karunakaran (2010) , Boehme (1973) , Ganesan (2010) , Karunakaran and Ganesan (2009) , Karunakaran and Angeline Chella (2011) , , , Mikusinski (1987 Mikusinski ( , 1983 Mikusinski ( , 1995 , Nemzer (2010 Nemzer ( , 2007 , Roopkumar (2009) , Srivastava and Singh (1985) and Roopkumar (2009) , and many others.
Constructed spaces of Boehmians
In this section we construct the spaces dðl In (3) and (4), two operations are needful for our construction.
The Mellin-type convolution between two functions f and u is defined by Zemanian (1987) [25] ,
More properties that enjoys can be found in the above citation.
On the other hand, denote by Ã the product given by
Following is a theorem which is essential in the sense of our results.
Theorem 2. Let f 2 l q loc ; 1 6 q < 1; u 2 jð0; 1Þ; then we have
Pðf uÞðyÞ ¼ ðPf Ã uÞðyÞ:
Proof. Let f 2 l q loc and u 2 jð0; 1Þ; 1 6 q < 1, be given then, using (3) we get
The change of variables x ¼ tz transforms (5) into
Hence, by (4), we get
Pðf uÞðyÞ ¼ ðPf Ã uÞðyÞ
This completes the proof of the theorem. h
Proof of the following two theorems is straightforward.
Theorem 3. Let f 2 l q loc ; u; w 2 jð0; 1Þ; 1 6 q < 1; then we have
Theorem 4. Let f n ! f in l q loc ; 1 6 q < 1, as n ! 1, and u 2 jð0; 1Þ; then f n u ! f u as n ! 1.
This theorem follows from the properties of integration.
Theorem 5. Let f 2 l q loc ; 1 6 q < 1; u; w 2 jð0; 1Þ; then f ðu wÞ ¼ ðf uÞ w.
Similar proof to this theorem is given by Zemanian (1987) . Hence, we prefer omiting the details.
Denote by D the set of delta sequences ðd n Þ 2 jð0; 1Þ satisfying
suppd n ðxÞ & ð0; e n Þ; e n ! 0 as n ! 1:
Theorem 6. Let ðd n Þ 2 D and f 2 l q loc ; 1 6 q < 1; then f d n ! f as n ! 1.
Proof. Let ðd n Þ 2 D; f 2 l q loc ; 1 6 q < 1 and k be a compact subset of ð0; 1Þ containing suppd n for all n; then using (6) we get
À fðxÞ jd n ðyÞ j dydx:
Since f
where M 1 2 ð0; 1Þ. Therefore, if k ¼ ½a; b; a; b > 0; then it follows from (8) that
Therefore f d n ! f as n ! 1 on compact subsets of ð0; 1Þ. This completes the proof of the theorem. h
The Boehmian space d l q loc ; ðj; Þ; ; D ð Þ is therefore described.
We next establish the space dðl q loc ; ðj; Þ; Ã; DÞ.
Theorem 7. Let f 2 l q loc and u 2 jð0; 1Þ; then we have f Ã u 2 jð0; 1Þ.
Theorem 8. Let f 2 l q loc ; u; w 2 jð0; 1Þ; 1 6 q < 1; then we have
Theorem 9.
(i) Let f n ! f in l q loc ; 1 6 q < 1, as n ! 1, and u 2 jð0; 1Þ; then f n Ã u ! f Ã u as n ! 1.
For similar proofs to Theorems 7-9, see Theorems 3, 4 and 6.
As a next step, we merely need to establish the following theorem.
Theorem 10. Let f 2 l q loc ; 1 6 q < 1; u; w 2 jð0; 1Þ; then f Ã ðf wÞ ¼ ðf Ã uÞ Ã w.
Proof. Let f 2 l q loc ; u; w 2 jð0; 1Þ; then, using (3) and (4) we write ðf Ã ðf wÞÞðyÞ ¼
The substitution tx À1 ¼ z implies dt ¼ xdz and hence, from (12), we have ðf Ã ðf wÞÞðyÞ ¼
Therefore ðf Ã ðu wÞÞðyÞ ¼ ððf Ã uÞ Ã wÞðyÞ:
This completes the proof of the theorem. h Thus our Boehmian space dðl q loc ; ðj; Þ; Ã; DÞ is recognized.
The generalized widder potential transform
Let ðfnÞ ðdnÞ h i 2 dðl q loc ; ðj; Þ; ; DÞ be given then we define its extended Widder transform as follows
in dðl q loc ; ðj; Þ; Ã; DÞ.
Theorem 11. P e : dðl q loc ; ðj; Þ; ; DÞ ! dðl q loc ; ðj; Þ; Ã; DÞ is a well-defined and linear extension of P. 
Proof. Let
for each ð/ n Þ 2 D.
Theorem 13. P À1 e is well-defined and linear. Proof of this theorem is analogous to that of above theorem. Proof. Let P e ðfnÞ ð/ n Þ h i ¼ P e ðg n Þ ðw n Þ h i . Upon using (13) and the concept of quotients in dðl q loc ; ðj; Þ; Ã; DÞ implies Pf n Ã w m ¼ Pg m Ã / n ; 8m; n 2 N. Theorem 2 then implies Pðf n w m Þ ¼ Pðg m / n Þ; 8m; n 2 N. Hence f n w m ¼ g m / n and therefore
To establish that P is surjective, let
This completes the proof of the theorem. h Theorem 15. Let
Þand / 2 jð0; 1Þ; then
Detailed proof of the first part is as follows:
Applying (14) yields
Using Theorem 2 we obtain
The proof of the part that P e
This completes the proof of the theorem. h i and f n;k ! f k as n ! 1 for every k 2 N. Employing the continuity condition of P transform implies Pf n;k ! Pf k as n ! 1 in the space l q loc . Thus, h i and Pf n;k ! Pf k as n ! 1. Hence f n;k ! f k in dðl q loc ; ðj; Þ; ; DÞ as n ! 1. That is,
Using (14) we get P À1 e
Now, we establish the continuity of P e and P
À1
e with respect to D convergence:
Employing (13) we get P e ððb n À bÞ / n Þ ¼
Hence, we have P e ððb n À bÞ / n Þ ¼
loc . Therefore P e ððb n À bÞ / n Þ ¼ ðP e b n À P e bÞ Ã / n ! 0 as n ! 1. Hence, P e b n ! D P e b as n ! 1.
as n ! 1 for some ð/ n Þ 2 D. Using (14), we get
e ððg n À gÞ Ã / n Þ ¼ P À1 e g n À P À1 e g À Á / n ! 0 as n ! 1:
From this we find that P Its clear that ðu n Þ is independent from the representative, 8n 2 N. Therefore This completes the proof of the theorem. h
